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4 e Abstract

Abstract

This paper is a part of guidelines, prepared on behalf of the Consultative Committee for
Thermometry, on the methods how to realize the International Temperature Scale of 1990.

It discusses the major issues linked to radiation thermometry for the realization of the
International Temperature Scale of 1990 at high temperatures.
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Introduction

ITS-90 Definition

Above the freezing point of silver, 1 234.93 K (961.78 °C), the temperature Ty is, according
to the definition of the ITS-90, defined by the equation

LA(T9O) — eXp(ﬁ) —1 (1)
L)(Tgo(X)) exp(/l;zgo)—l ’

where Ty (X) refers to the silver {Tyo(Ag) =1 234.93 K}, the gold {T4y(Au) =1 337.33K}
or the copper {Ty,(Cu) =1 357.77 K} freezing points. L;(Ty,) andare the spectral radiances
of a blackbody at the wavelength A (in vacuo) at Ty, and at Tqo(X), respectively, and

c,=0.014388 m- K.

Historical retrospective

Since the introduction of ITS-90 in 1990, there have been several technological improvements
that are now implemented in most of the national metrology institutes (NMlIs). In the early
years of ITS-90, radiation thermometers were insufficiently stable to maintain a temperature
scale for long periods of time. For this reason, tungsten strip lamps, with their superior
stability, were used to maintain the scale [Quinn et a/. 1972]. The radiation thermometer
acted merely as a transfer device for comparing blackbody signals (at a given temperature)
with lamp signals (at a given current). With improvements in radiation thermometer stability,
particularly through the use of high-quality silicon photodiodes, the trend in NMIs has
been to do away with tungsten strip lamps and maintain the temperature directly on the

radiation thermometer. For this reason, tungsten strips lamps and transfer standard radiation
thermometers are not discussed in this document and interested readers are referred to the

literature [Quinn 1990].

Further improvements result from the widespread use of high-speed computers. When
electronic computing resources were limited, techniques were developed to reduce the amount
of numerical computation required to solve the resulting integral equation for Ty, (see
Equation (2) below). This involved the concept of a mean effective wavelength between
temperatures Tgy(X) and Ty, which allowed the integral equation to be expressed as an
algebraic equation, but is subject to a degree of approximation, and which allowed the
definition of Equation (1) to be implemented literally (albeit at a wavelength that depends on
the temperature of the source and the chosen ITS-90 fixed point, in addition to the properties
of the radiation thermometer). Now that computers are ubiquitous, the integral equation can
be rapidly solved numerically as frequently as desired with no additional approximations.
Consequently, the mean effective wavelength is not discussed in this document, but interested
readers should see [Saunders 2003].

M Although the latest
value of the second
radiation constant, c,,
differs from that in the
original definition [Mohr
et al. 2012], the value of
0.014 388 m K fixed in the
original text of the ITS-90
is to be used.
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2.1.

Practical implementation of the ITS-90 definition

The measured signal ratio

Equation (1) is merely a statement of the Planck radiance ratio expressed at a single
wavelength. The definition for Ty, neither recommends a method by which, nor restricts the
wavelength at which, the ratio of radiances is to be experimentally determined. Thus, the
wavelength can be chosen freely, although subject to signal-to-noise considerations. However,
in practice, because radiation thermometers necessarily have a finite spectral bandwidth, and
because true blackbodies do not exist and measurements are not made in a vacuum, the
monochromatic blackbody spectral radiance ratio given by Equation (1) cannot be measured
directly. Instead, the ratio, r, of spectral radiances integrated over the spectral responsivity of
the radiation thermometer is the quantity that must be used to infer Tgy(X):

STy S A T Li(Te) R o
- S(Teo(X)) " [V (4, Top(X)) Ly(Top(X) ) R(A)dA

where:
e ris the experimentally measured ratio of detector signals;

o S(Tyy) and S(Tyy(X)) are the individual measured detector signals (e.g. voltage
orcurrent) when the radiation thermometer is aimed at a target with temperature Ty, and
at the ITS-90 fixed point (silver, gold or copper), respectively;

o Ty(X) is the defined temperature of the ITS-90 fixed point (silver, gold or
copperfreezing point);

o (A, Tyy) is the spectral emissivity of the target at temperature T;

o cx(A Tyo(X)) is the effective spectral emissivity of the ITS-90 fixed-pointblackbody
cavity used (silver, gold or copper);
° C
Ly(Tqp) =—=
2(To0) P FE

temperature Ty, for a medium with refractive index n;, with ¢, being the first radiation

-1
[exp( 2 )—1] is the Planck blackbody radiance law at
mAT g

constant;
e R(A) is the spectral responsivity of the radiation thermometer;

e A is the wavelength in the medium in which the radiation thermometer is
immersed(usually air).

The integrands in Equation (2) are close to zero outside the passband defined by the spectral
filter of the radiation thermometer, so in practice the limits of integration are compressed to
the wavelength region where the spectral responsivity is demonstrably greater than zero. The
value of c; in Planck’s law cancels in forming the ratio r, so its value is unimportant. Likewise,
because of the low dispersion of air, the n;* factor effectively cancels for the typically narrow
bandwidths employed inrealising ITS-90. However, the refractive index factor inside the
exponential term in Planck’s law can be significant for high-accuracy measurements. The
spectral emissivities of the ITS-90 blackbody and of the unknown source (which is also
generally a blackbody when maintaining ITS-90) can usually be considered to be constant
over the bandwidth of the radiation thermometer, so these two quantities can be taken outside
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their respective integrals in Equation (2). Finally, because Equation (2) is a ratio, the relative
spectral responsivity, s(4), can be used in place of the absolute spectral responsivity, R(1).

In addition to determining the parameters appearing directly in Equation (2), ITS-90 scale
realization requires an evaluation of the size-of-source effect (SSE), and an assessment of the
linearity of the radiation thermometer. These issues are discussed in Chapter 4 and Chapter
5, respectively.

Measuring the relative spectral responsivity

Although, as mentioned above, no wavelength is specified in the ITS-90, the wavelength at
which radiation thermometers operate when being used to establish the ITS-90 is usually
within the range from 600 nm to 1 000 nm.

The relative spectral responsivity of the thermometer can be measured directly by aiming the
thermometer at the exit port of an integrating sphere placed at the exit slit of a monochromator.
The integrating sphere acts to create a lambertian, unpolarized, quasi-monochromatic source.
The spectral power output from the integrating sphere should be measured with a non-
selective (spectrally flat) radiation detector [Battuello et al. 1995], so that the relative spectral
responsivity is proportional to the ratio of thethermometer’s signal to the non-selective

detector’s signal. The relative spectral responsivity of the thermometer can be measured also
with the use of tuneable lasers [Fischer and Lei Fu 1993].

Preferably, the responsivity of the entire thermometer system should be measured as a system.
If the individual components of the transmittance of the optical system and the detector
responsivity are measured separately then multiplied together, then the two components
should be measured under similar conditions so as to avoid errors due to different positioning
and orientation. Details of the measurement of spectral responsivity are given in various papers
describing the realization of radiation scales (see in particular [Jones and Trapping 1982]). The

accuracy requirements for this measurement have been discussed by [Coates 1977, Bedford
and Ma 1983].

Uncertainties in the measurement of spectral responsivity arise from the uncertainties in the
wavelength scale on the monochromator, monochromator drift, scattering and polarization
effects, out-of-band transmission (i.e., regions of significant filter transmittance outside the
wavelength range measured), and uncertainties associated with the measurements of the non-
selective detector. The uncertainty in the realization of Ty, arising from these uncertainties
in the measurement of the spectral responsivity can be related to how well the mean (or
centre) wavelength, 4, of the spectral responsivity can be determined, and how well the
bandwidth, o, (expressed as a standard deviation of the spectral responsivity ‘distribution’)
can be determined [Saunders 2011]:

_ Ty _ T9_0
ury, AO (1 Tgo(X) uio’ (3)
1 1 G 1 1] 502
=(=—— - )|12-—=2(=—L—+ ’ 4
HTs0 ( Too(X) Ty ) [ 0,40 ( Too(X) ~ Too ) ] A v @

where [Saunders and White 2003]
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2.3.

2.4,

L _Jamar -
o [os(yda

and

, S (=10)’s(1)da
o= , (6)
/fs(/l)dz

where s(A1) is the relative spectral responsivity.

Measuring the ITS-90 fixed-point blackbody

The ITS-90 fixed point can be either the Ag, Au or Cu freezing point. The construction of
blackbody cavities based on these fixed points is discussed in Guide Chapter 2 Fixed points.
A measurement of the fixed-point plateau signal provides S(Tyy(X) ) in Equation (2). From
a practical point of view, both sides of Equation (2) can be divided by the ratio /ey, whereas
discussed above, the emissivity values can be considered as constants. Then the measured
fixed-point signal can be ‘emissivity-corrected’, S’ (Tyo(X)) =S(T9o(X))/ex, to represent
an equivalent true blackbody signal.

The uncertainty in the realization of Ty arises from uncertainties associated with determining
S’ (Ty(X)): the determination of the fixed-point effective cavity emissivity, €y; the effects
of ambient conditions on the thermometer signal; and noise in thedetector and amplifier. These
uncertainty components propagate according to [Saunders 2011]

AT sy
nr, = . (7)
PTG 87 (Tep(X))

Additionally, while the value of Ty,(X) is assigned as a defined value with zero uncertainty,
uncertainties in the actual temperature of the fixed-point blackbody cavity arise from
impurities in the fixed-point metal (see Guide Section 2.1 Influence of impurities), a
temperature drop across the cavity bottom due to the finite thermalresistance of the
cavity material, and uncertainties associated with identifying the fixed-point plateau. These
propagate according to [Saunders 2011]

T
UTyy = 7 UTgXy ®)

T (Top(X))

Measuring the source of unknown temperature

As for the fixed-point signal discussed above, the signal, S(Ty,), measured at the unknown
temperature should be corrected for the emissivity of the source, &: S’ (Tqg) = S(Typ)/€.In
addition to this emissivity correction, the source signal must alsobe corrected for the size-
of-source effect (SSE) and non-linearity (NL) (see Chapter 4 and Chapter 5, see p. 14).
Both of these corrections must be determined with respect to the ‘reference’ conditions of the
fixed point. The uncertainty in the realization of Ty, associated with the determination of this
corrected signal, S’ ssg.NL(T90), arises from the emissivity of the source, the SSE and NL
corrections, determination of any gain ratios for multi-gain amplifiers, ambient conditions,
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drift in the thermometer characteristics, and detector and amplifier noise. These uncertainties
propagate according to [Saunders 2011]

2
Uy = HAO/IOT US'sseNU(To0) )
%0 © S'sseNL(Too)

Calculating T, from the measured signal ratio

Rewriting Equation (2) as suggested above, and writing it in terms of the relative spectral
responsivity s(1), gives

, _S"sseNi(Too) ./':LA(T%) s(1)da
T ST TD) T [T (Too(X))s(A)dA

(10)

where r’ is the measured signal ratio corrected for emissivity, SSE, and non-linearity. The
denominator on the right-hand side is simply a constant, which will be referred to as I (i.e.

Iy= / . L;(Tyo(X))s(4)dA). Solving Equation (10) for Ty, requires an iterative method.

One such method is the Newton-Raphson algorithm, which for Equation (10) can be written as

Iy’ = [ Ly(Toos) s(A)dA
& f > Ly(T90,)s) 2 ’ (1)

72,  TAepe A Te))
g 0

Togiy1= Too;+

where I is an index numbering the iterations, and Ty is an arbitrary initial guess at the
temperature T, If Tgqp is chosen to be, say, 2 250 K, then Equation (11) converges to within
0.1 mK of Ty, in fewer than 10 iterations for any value of Ty, between the silver point and
3 300 K [Saunders 2003].

An alternative method for calculating Ty, from the measured signal ratio is to use the Planck
version of the Sakuma-Hattori equation [Sakuma and Kobayashi 1997] in ratio form. While
this involves a small approximation (for relatively narrow bandwidths) [Saunders and White
2003], it enables an analytic determination of T, to be made:

C, 2

~ 1
T na(1-60%22)

In[exp - +r' —=1]-In(r") _ZL/I(Z)
[exe( J+r =]

Ty 2
A (1—60H A Too(XHcy0%/223

(12)

where A, and o are the mean wavelength and bandwidth, respectively, of the spectral
responsivity, given by Equation (5) and Equation (6).

The uncertainty in T, derived from Equation (11) is given by the quadrature sum of Equation
(3), Equation (4), Equation (7), Equation (8), and Equation (9), with the addition of any
correlations where appropriate. There is a small additional uncertainty in deriving T, from
Equation (12), arising from the approximation inherent in the Sakuma-Hattori equation
[Saunders and White 2004].
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3.1.

3.2.

Standard radiation thermometers

The fundamental requirements embodied in Equation (1) and Equation (2) are that the
instrument used, a radiation thermometer, be characterised using quasi-monochromatic or
monochromatic radiation and that the reference source at the temperature T¢y(X) be a
blackbody with a known emissivity. A radiation thermometer consists of an optical system
which collects the radiant flux in a limited solid angle and in a well characterised spectral
region at a distance from a source of radiation.

Optical system

Radiation thermometers can be constructed with several types of optical systems. Radiation
thermometers do not require large numerical apertures, and the f/ # s are typically in the range
of £/10 to £/20. The part of the source viewed by the radiation thermometer is limited in size,
since such targets can more readily be arranged to be approximately isothermal and have a high
emissivity. The lenses (or mirrors) of the radiation thermometer should as far as practicable
be corrected for aberrations so that they become diffraction limited at all apertures at which
they will be used. It is convenient if the lenses are achromatic, especially if the radiation
thermometer works at a wavelength in the infrared, so as to allow for visual focusing via an
auxiliary viewing system. All lenses and mirrors in the system should be of high optical quality
and kept scrupulously clean to minimise the amount of radiation scattered by imperfections
and surface contamination.

A further point to consider in designing an optical system is that of stray radiation from outside
the target area that can propagate through the system by diffraction, reflection, or scattering
from the mechanical or optical elements. Baffles and grooves are effective in suppressing
unwanted radiation. Good results are also obtained by the use of a glare stop and by careful
positioning of the aperture stop [Fischer and Jung 1989, Yoon et al. 2005]. See also the size-

of-source effect in Chapter 4.

The responsivity of radiation thermometers could be affected by polarization of radiation, and
this dependence will need to be accounted for, particularly when the radiation thermometer
is used for measurements of sources not governed by Lambert’s law, as, for example, for
tungsten strip lamps and blackbodies with safety windows. The approach for attacking this
problem has been given in the paper of Goebel and Stock (1998).

Spectral filters

The spectral filtering of the radiation thermometer responsivity can be performed in several
ways, but in the majority of cases interference filters are used. High-quality interference filters
with high peak transmittances, narrow bandwidths and high degrees of blocking outside the
passband are available from many commercial sources. For reducing the environmental effects
of changes in the humidity and ambient temperature, ion-assisted or hard-coated interference
filters should be used.

For a given type of filter (Gaussian, rectangular or other shape), the smallest detectable
temperature difference due to the error resulting from imperfect blocking outside the passband
is inversely proportional to the filter bandwidth: this suggests that a wide-band filter is
desirable. However, the use of such filters requires an accurate knowledge of the relative
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spectral responsivity, s(1), of the thermometer, and of the spectral emissivity of the source;
on the other hand, the uncertainty due to imperfect knowledge of s(1) within the passband
is directly proportional to the bandwidth, o: This suggests that a narrow-bandwidth filter
is desirable. The use of Equation (12) for calculating Ty, analytically also requires narrow
bandwidths, and the uncertainty Equation (3), Equation (4), Equation (7), Equation (8), and
Equation (9) are all based on a narrow-bandwidth approximation.

It is very important that wavelengths outside the passband in regions where the detector is still
sensitive ideally being blocked to a level less than 1 part in 10° of those inside the passband.
For a filter bandwidth of 10 nm blocking to 1 part in 10°is required, and for a bandwidth near

1 nm blocking has to be to about 1 part in 10’. The effects of any secondary peaks from the
filter also have to be eliminated. If the interference filter itself does not adequately attenuate
these undesired wavelengths, an auxiliary blocking filter can be added for this purpose. In
most cases, residual transmission at longer wavelengths is more troublesome because radiation
thermometers typically operate on the shorter-wavelength side of the peak of the blackbody
spectral radiance curve.

Because the spectral transmittance of an interference filter can vary with the filter temperature
(up to 0.02 nm/°C or 0.03 nm/°C between 660 nm and 900 nm) and with angle of incidence of

the incoming radiation (about 4 parts in 10" per angular degree), the filter temperature should
be controlled (room temperature control is usually sufficient) and the transmittance measured
in situ or, if not, with a similar radiation beam impinging at the same angle. This angle
should be carefully chosen to eliminate unwanted reflections. Note also that the wavelength
A appearing in Equation (1) is specified as the wavelength in vacuum; if A4 for the filter is
measured in air, then the refractive index of air, n;, needs to be included, as in Equation (2) (the
value of n1; is 1.000 27 for air at 20 °C and normal atmospheric pressure and at a wavelength of
650 nm [Edlén 1966]; the influence of variations in humidity and CO; content are negligible
for this purpose). Interference filters are also sensitive to polarization of radiation.

A diffraction or prism monochromator can also be used as a monochromatic filter. So doing,
the possibility is provided to choose and to change the mean wavelength, to obtain high
quality of limitation of the required portion of spectrum and to suppress radiation outside the
bandwidth [Pokhodoun ef al. 1993].

When using a radiation thermometer to establish temperatures approximately above 2 000 K,
it may be necessary to use absorption filters or some other means of reducing the intensity
of radiation reaching the detector. Any filters that are placed in the beam should be oriented
so as to avoid reflections between them, which could subsequently reach the detector, and to
avoid transmission through the interference filter at an angle to the axis. Either of these faults
is likely to modify the mean wavelength (see Equation (5), see p. 8). The measurement of the
filter transmission should be done in the identical conditions as it is used (geometry and angle
of the incidence beam, the angle to an optical axis of radiation thermometer etc.)

Detectors

The majority of radiation thermometers used for the realization of the ITS-90 applies a
silicon photodiode since these photodiodes generally show better linearity and stability
than photomultipliers. The linearity and stability of silicon detectors for spectral radiation
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thermometry have been studied extensively [Jung 1979, Coslovi and Righini 1980, Schaefer
et al. 1983, Sakuma et al. 1992].

It has been found that the departures from linearity increase with both increasing wavelength
and increasing photocurrent. It has been shown [Jung 1979] that if the photocurrent is kept

within the range from 3 X 10 '"°Ato1 x 10~ Aand the wavelength in the range from 600 nm

to 900 nm, any non-linearity can easily be corrected within 2 parts in 10" (see Equation (9)
for consequent errors in temperature). If the corrections for non-linearity are not made, errors
some twenty times this amount can be encountered. Thus, for an accurate realization of the
scale, it is important that the non-linearity be accounted for (see Chapter 5, see p. 14).

In order to obtain optimum short-term stability and resolution, a silicon detector should be
stabilised in temperature and operated in the photovoltaic (i.e. unbiased) mode. Jung has
shown that drift, dark current, and noise are all lower for a silicon detector operated in
this mode than for one operated in the photoconductive or biased mode. In some cases, it
is necessary to make allowance, and to introduce corrections, for the spatial uniformity of
responsivity of the silicon photodiode and for its dependence upon the polarization of the
incident radiation [Jung 1979, Goebel and Stock 1998].
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Size-of-source effect

The size-of-source effect (SSE) in radiation thermometers arises due to scattering, refraction,
and reflection of radiation within the optical system of the thermometer. The net result is that
some radiation from within the nominal field of view is lost, and some radiation from outside
the nominal field of view is detected. Thus, the measured signal depends on both the physical
size of the source and the radiance distribution surrounding the source.

To reduce the SSE, the number of optical elements in the objective lens system should be
reduced and selected for the lowest scatter. Optical modelling should be used to assess whether
the optical performance from a reduced number of elements in the objective lens system is
adequate. Since the SSE can also change due to the presence of dust on the objective, the SSE
should be measured prior to any critical radiation thermometry determinations. The objective
lens can be kept clean with a constant nitrogen or dry-air positive-pressure purge to reduce
surface contaminations. At the expense of decreased throughput, any reduction of the aperture
stop diameter will also reduce the SSE. A detailed methodical consideration of the problem
associated with the determination of the SSE experimentally has been given [Bloembergen
etal. 1997].

The SSE of a radiation thermometer is generally determined using one of two techniques. In
the first technique, known as the direct method, the radiation thermometer is focused on a
uniform radiance source (such as blackbody) whose aperture diameter can be varied. A plot
of relative signal as a function of target diameter provides a measure of the SSE.

In the second technique, known as the indirect method, the radiation thermometer is focused
on a uniform source (generally an integrating sphere with variable aperture size) in front of
which is an opaque spot or a miniature blackbody whose diameter is slightly larger than the
nominal target size of the thermometer. By taking the ratio of on-spot to off-spot radiances
for each aperture, the SSE is determined [Machin and Ibrahim 1999a, 1999b].

Analysis of the differences between the methods is discussed by [Machin and Sergienko 2002,
Sakuma et al. 2002, Lowe et al. 2003, Bart et al. 2007]. These differences are explained
by source non-uniformity, inter-reflections, or different spectral radiance distributions for the

sources.

A modified method, which is similar to the traditional indirect one, having advantage in
speed, ability to cover large target sizes, and ease of automation, but with some added
mathematical complexity, is described by [Saunders and Edgar 2009]. Another method of SSE
determination, which allows the SSE to be measured directly under the conditions of a real
radiance field within a furnace, is described by [Matveyev 2002]. A method of calculation
for the lens aberration effect on the SSE is described by [Park and Kim 2002]. Yoon and

co-workers have shown that the SSE can be reduced to less than 5 X 10> with commercial

achromatic lenses with the introduction of a Lyot stop [ Yoon et al. 2005].
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5.

Non-linearity

The experimentally measured ratio of detector signals at two temperatures represents the ratio
of the blackbody radiances at these temperatures only insofar as the detector (and associated
electronics) is linear. In practice, even the most linear detectors show some degree of non-
linearity, which has to be accounted for in accurate scale realizations.

The most common technique for measuring non-linearity consists of a flux doubling method
employing two radiation sources (usually lamps) and a beam-splitting device, according to a
scheme suggested by [Erminy 1963]. Other techniques that have been successfully applied in
precision photoelectric thermometry rely on the use of sectored discs [Quinn and Ford 1969]

and of attenuating filters [Coslovi and Righini 1980] and luminance dividers [Bonhoure and
Pello 1988]. Useful information on the mathematical handling of non-linearity may be found
in [Jung 1979, Saunders and White 2007].

Equipment allowing the measurement of non-linearity with a high degree of accuracy
(standard uncertainty of about 0.01 % in the spectral range 400 nm to 800 nm) within a range
of radiation power covering five decades (from nanowatt to milliwatt) was developed and
investigated by [Fisher and Lei Fu 1993]. A system for measuring non-linearity using high-
brightness light emitting diodes is described by [Park ez al. 2005, Shin et al. 2005].

Since the photodiode detector is used in photovoltaic mode, the photocurrent measuring
electrometer or the transimpedance amplifier should be calibrated at each of the gain settings
used for measurements. This calibration must be traceable to electrical standards. Eppeldauer
describes a technique to calibrate transimpedance amplifiers with measurements traceable to
electrical standards [Eppeldauer 2009].
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Uncertainty determinations

The uncertainties for the ITS-90 realizations of temperatures above the silver point have been
thoroughly discussed in the documents written by the members of Working Group 5 Radiation
Thermometry of the Consultative Committee for Thermometry [Fischer et al. 2003a, Fischer

et al. 2003b].
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<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mi>u</mi></mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></msub><mo>=</mo><mfenced open="(" close=")"><mrow><mfrac><mrow><mn>1</mn></mrow><mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mrow></mfrac><mo>−</mo><mfrac><mrow><mn>1</mn></mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></mfrac></mrow></mfenced><mfenced open="[" close="]"><mrow><mn>12</mn><mo>−</mo><mfrac><mrow><msub><mrow><mi>c</mi></mrow><mrow><mn>2</mn></mrow></msub></mrow><mrow><mrow><msub><mrow><mi>n</mi></mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow></msub></mrow></msub><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow></msub></mrow></mrow></mfrac><mfenced open="(" close=")"><mrow><mfrac><mrow><mn>1</mn></mrow><mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mrow></mfrac><mo>+</mo><mfrac><mrow><mn>1</mn></mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></mfrac></mrow></mfenced></mrow></mfenced><mfrac><mrow><mrow><msubsup><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow><mrow><mn>2</mn></mrow></msubsup><mstyle mathvariant="italic"><mi>σ</mi></mstyle></mrow></mrow><mrow><msubsup><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow><mrow><mn>2</mn></mrow></msubsup></mrow></mfrac><msub><mrow><mi>u</mi></mrow><mrow><mstyle mathvariant="italic"><mi>σ</mi></mstyle></mrow></msub><mo>,</mo></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow></msub><mo>=</mo><mfrac><mrow><mrow><msubsup><mrow><mo>∫</mo></mrow><mrow><mn>0</mn></mrow><mrow><mo>∞</mo></mrow></msubsup><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mtext>S</mtext></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced><mtext>d</mtext><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mrow><mrow><mrow><msubsup><mrow><mo>∫</mo></mrow><mrow><mn>0</mn></mrow><mrow><mo>∞</mo></mrow></msubsup><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced><mtext>d</mtext><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mrow></mfrac><mo>,</mo></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msup><mrow><mstyle mathvariant="italic"><mi>σ</mi></mstyle></mrow><mrow><mn>2</mn></mrow></msup><mo>=</mo><mfrac><mrow><mrow><msubsup><mrow><mo>∫</mo></mrow><mrow><mn>0</mn></mrow><mrow><mo>∞</mo></mrow></msubsup><msup><mrow><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle><mo>−</mo><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow></msub></mrow></mfenced></mrow><mrow><mn>2</mn></mrow></msup><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced><mtext>d</mtext><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mrow><mrow><mrow><msubsup><mrow><mo>∫</mo></mrow><mrow><mn>0</mn></mrow><mrow><mo>∞</mo></mrow></msubsup><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced><mtext>d</mtext><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mrow></mfrac><mo>,</mo></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>S</mi></mstyle><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mfenced></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>ε</mi></mstyle><mo>/</mo><msub><mrow><mstyle mathvariant="italic"><mi>ε</mi></mstyle></mrow><mrow><mi mathvariant="normal">X</mi></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>S</mi></mstyle><mo>′</mo><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mfenced><mo>=</mo><mstyle mathvariant="italic"><mi>S</mi></mstyle><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mfenced><mo>/</mo><msub><mrow><mstyle mathvariant="italic"><mi>ε</mi></mstyle></mrow><mrow><mi mathvariant="normal">X</mi></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>S</mi></mstyle><mo>′</mo><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mfenced></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>ε</mi></mstyle></mrow><mrow><mi mathvariant="normal">X</mi></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mi>n</mi></mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></msub><mo>=</mo><mfrac><mrow><mrow><msub><mrow><mi>u</mi></mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow></msub></mrow></msub><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow></msub><msup><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>2</mn></mrow></msup></mrow></mrow><mrow><msub><mrow><mi>c</mi></mrow><mrow><mn>2</mn></mrow></msub></mrow></mfrac><mfrac><mrow><msub><mrow><mi>u</mi></mrow><mrow><mrow><mstyle mathvariant="italic"><mi>S</mi></mstyle><mo>′</mo><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mfenced></mrow></mrow></msub></mrow><mrow><mrow><mstyle mathvariant="italic"><mi>S</mi></mstyle><mo>′</mo><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mfenced></mrow></mrow></mfrac><mo>.</mo></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mi>u</mi></mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></msub><mo>=</mo><mo>−</mo><mfrac><mrow><msubsup><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow><mrow><mn>2</mn></mrow></msubsup></mrow><mrow><msup><mrow><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mfenced></mrow><mrow><mn>2</mn></mrow></msup></mrow></mfrac><msub><mrow><mi>u</mi></mrow><mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mstyle mathvariant="italic"><mi>T</mi></mstyle></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mrow></msub><mo>.</mo></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>S</mi></mstyle><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></mfenced></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>ε</mi></mstyle></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>S</mi></mstyle><mo>′</mo><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></mfenced><mo>=</mo><mstyle mathvariant="italic"><mi>S</mi></mstyle><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></mfenced><mo>/</mo><mstyle mathvariant="italic"><mi>ε</mi></mstyle></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>S</mi></mstyle><msub><mrow><mo>′</mo></mrow><mrow><mtext>SSE,NL</mtext></mrow></msub><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></mfenced></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mi>u</mi></mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></msub><mo>=</mo><mfrac><mrow><mrow><msub><mrow><mi>n</mi></mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow></msub></mrow></msub><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow></msub><msup><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>2</mn></mrow></msup></mrow></mrow><mrow><msub><mrow><mi>c</mi></mrow><mrow><mn>2</mn></mrow></msub></mrow></mfrac><mfrac><mrow><msub><mrow><mi>u</mi></mrow><mrow><mrow><mstyle mathvariant="italic"><mi>S</mi></mstyle><msub><mrow><mo>′</mo></mrow><mrow><mtext>SSE,NL</mtext></mrow></msub><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></mfenced></mrow></mrow></msub></mrow><mrow><mrow><mstyle mathvariant="italic"><mi>S</mi></mstyle><msub><mrow><mo>′</mo></mrow><mrow><mtext>SSE,NL</mtext></mrow></msub><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></mfenced></mrow></mrow></mfrac><mo>.</mo></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mi>r</mi><mo>′</mo><mo>=</mo><mfrac><mrow><mrow><mstyle mathvariant="italic"><mi>S</mi></mstyle><msub><mrow><mo>′</mo></mrow><mrow><mtext>SSE,NL</mtext></mrow></msub><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></mfenced></mrow></mrow><mrow><mrow><mstyle mathvariant="italic"><mi>S</mi></mstyle><mo>′</mo><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mfenced></mrow></mrow></mfrac><mo>=</mo><mfrac><mrow><mrow><msubsup><mrow><mo>∫</mo></mrow><mrow><mn>0</mn></mrow><mrow><mo>∞</mo></mrow></msubsup><msub><mrow><mstyle mathvariant="italic"><mi>L</mi></mstyle></mrow><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></msub><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></mrow></mfenced><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced><mtext>d</mtext><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mrow><mrow><mrow><msubsup><mrow><mo>∫</mo></mrow><mrow><mn>0</mn></mrow><mrow><mo>∞</mo></mrow></msubsup><msub><mrow><mstyle mathvariant="italic"><mi>L</mi></mstyle></mrow><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></msub><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mfenced><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced><mtext>d</mtext><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mrow></mfrac><mo>,</mo></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mi>r</mi><mo>′</mo></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>I</mi></mstyle></mrow><mrow><mi mathvariant="normal">X</mi></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>I</mi></mstyle></mrow><mrow><mi mathvariant="normal">X</mi></mrow></msub><mo>=</mo><msubsup><mrow><mo>∫</mo></mrow><mrow><mn>0</mn></mrow><mrow><mo>∞</mo></mrow></msubsup><msub><mrow><mstyle mathvariant="italic"><mi>L</mi></mstyle></mrow><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></msub><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></mrow></mfenced><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced><mtext>d</mtext><mstyle mathvariant="italic"><mi>λ</mi></mstyle></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mrow><mn>90</mn><mo>,</mo><mi>i</mi><mo>+</mo><mn>1</mn></mrow></mrow></msub><mo>=</mo><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mrow><mn>90</mn><mo>,</mo><mi>i</mi></mrow></mrow></msub><mo>+</mo><mfrac><mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>I</mi></mstyle></mrow><mrow><mi mathvariant="normal">X</mi></mrow></msub><mi>r</mi><mo>′</mo><mo>−</mo><msubsup><mrow><mo>∫</mo></mrow><mrow><mn>0</mn></mrow><mrow><mo>∞</mo></mrow></msubsup><msub><mrow><mstyle mathvariant="italic"><mi>L</mi></mstyle></mrow><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></msub><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mrow><mn>90</mn><mo>,</mo><mi>i</mi></mrow></mrow></msub></mrow></mfenced><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced><mtext>d</mtext><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mrow><mrow><mrow><mfrac><mrow><msub><mrow><mi>c</mi></mrow><mrow><mn>2</mn></mrow></msub></mrow><mrow><msubsup><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mrow><mn>90</mn><mo>,</mo><mi>i</mi></mrow></mrow><mrow><mn>2</mn></mrow></msubsup></mrow></mfrac><msubsup><mrow><mo>∫</mo></mrow><mrow><mn>0</mn></mrow><mrow><mo>∞</mo></mrow></msubsup><mfrac><mrow><mrow><msub><mrow><mstyle mathvariant="italic"><mi>L</mi></mstyle></mrow><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></msub><mfenced open="(" close=")"><mrow><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mrow><mn>90</mn><mo>,</mo><mi>i</mi></mrow></mrow></msub></mrow></mfenced><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced></mrow></mrow><mrow><mrow><msub><mrow><mi>n</mi></mrow><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></msub><mstyle mathvariant="italic"><mi>λ</mi></mstyle><mfenced open="[" close="]"><mrow><mn>1</mn><mo>−</mo><mi>exp</mi><mfenced open="(" close=")"><mrow><mo>−</mo><msub><mrow><mi>c</mi></mrow><mrow><mn>2</mn></mrow></msub><mo>/</mo><mfenced open="(" close=")"><mrow><msub><mrow><mi>n</mi></mrow><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></msub><mstyle mathvariant="italic"><mi>λ</mi></mstyle><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mrow><mn>90</mn><mo>,</mo><mi>i</mi></mrow></mrow></msub></mrow></mfenced></mrow></mfenced></mrow></mfenced></mrow></mrow></mfrac><mtext>d</mtext><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mrow></mfrac><mo>,</mo></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mi>i</mi></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mrow><mn>90</mn><mo>,</mo><mn>0</mn></mrow></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mrow><mn>90</mn><mo>,</mo><mn>0</mn></mrow></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>2 250</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu5"><mi mathvariant="normal">K</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>0.1</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_mK"><mi mathvariant="normal">mK</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>3 300</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu5"><mi mathvariant="normal">K</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mo>≈</mo><mfrac><mrow><msub><mrow><mi>c</mi></mrow><mrow><mn>2</mn></mrow></msub></mrow><mrow><mrow><msub><mrow><mi>n</mi></mrow><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></msub><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow></msub><mfenced open="(" close=")"><mrow><mn>1</mn><mo>−</mo><mn>6</mn><msup><mrow><mstyle mathvariant="italic"><mi>σ</mi></mstyle></mrow><mrow><mn>2</mn></mrow></msup><mo>/</mo><msubsup><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow><mrow><mn>2</mn></mrow></msubsup></mrow></mfenced></mrow></mrow></mfrac><mfenced open="[" close="]"><mrow><mfrac><mrow><mn>1</mn></mrow><mrow><mrow><mi>ln</mi><mfenced open="[" close="]"><mrow><mi>exp</mi><mfenced open="(" close=")"><mrow><mfrac><mrow><msub><mrow><mi>c</mi></mrow><mrow><mn>2</mn></mrow></msub></mrow><mrow><mrow><msub><mrow><mi>n</mi></mrow><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></msub><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow></msub><mfenced open="(" close=")"><mrow><mn>1</mn><mo>−</mo><mn>6</mn><msup><mrow><mstyle mathvariant="italic"><mi>σ</mi></mstyle></mrow><mrow><mn>2</mn></mrow></msup><mo>/</mo><msubsup><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow><mrow><mn>2</mn></mrow></msubsup></mrow></mfenced><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced><mo>+</mo><msub><mrow><mi>c</mi></mrow><mrow><mn>2</mn></mrow></msub><msup><mrow><mstyle mathvariant="italic"><mi>σ</mi></mstyle></mrow><mrow><mn>2</mn></mrow></msup><mo>/</mo><mn>2</mn><msubsup><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow><mrow><mn>2</mn></mrow></msubsup></mrow></mrow></mfrac></mrow></mfenced><mo>+</mo><mi>r</mi><mo>′</mo><mo>−</mo><mn>1</mn></mrow></mfenced><mo>−</mo><mi>ln</mi><mfenced open="(" close=")"><mrow><mi>r</mi><mo>′</mo></mrow></mfenced></mrow></mrow></mfrac><mo>−</mo><mfrac><mrow><msup><mrow><mstyle mathvariant="italic"><mi>σ</mi></mstyle></mrow><mrow><mn>2</mn></mrow></msup></mrow><mrow><mrow><mn>2</mn><msubsup><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow><mrow><mn>2</mn></mrow></msubsup></mrow></mrow></mfrac></mrow></mfenced></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow><mrow><mn>0</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>σ</mi></mstyle></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>X</mi></mstyle></mrow></mfenced></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mi>f</mi><mo>/</mo><mo>#</mo><mi>s</mi></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mi>f</mi><mo>/</mo><mn>10</mn></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mi>f</mi><mo>/</mo><mn>20</mn></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mi>s</mi><mfenced open="(" close=")"><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></mfenced></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>σ</mi></mstyle></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mstyle mathvariant="italic"><mi>T</mi></mstyle></mrow><mrow><mn>90</mn></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msup><mrow><mn>10</mn></mrow><mrow><mn>6</mn></mrow></msup></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>10</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_nm"><mi mathvariant="normal">nm</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msup><mrow><mn>10</mn></mrow><mrow><mn>6</mn></mrow></msup></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>1</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_nm"><mi mathvariant="normal">nm</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msup><mrow><mn>10</mn></mrow><mrow><mn>7</mn></mrow></msup></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>0.02</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_nm"><mi mathvariant="normal">nm</mi></mrow><mo>/</mo><mrow xref="U_NISTu23"><mi mathvariant="normal">°C</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>0.03</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_nm"><mi mathvariant="normal">nm</mi></mrow><mo>/</mo><mrow xref="U_NISTu23"><mi mathvariant="normal">°C</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>660</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_nm"><mi mathvariant="normal">nm</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>900</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_nm"><mi mathvariant="normal">nm</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msup><mrow><mn>10</mn></mrow><mrow><mn>4</mn></mrow></msup></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>λ</mi></mstyle></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mstyle mathvariant="italic"><mi>λ</mi></mstyle></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mi>n</mi></mrow><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msub><mrow><mi>n</mi></mrow><mrow><mstyle mathvariant="italic"><mi>λ</mi></mstyle></mrow></msub></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>1.000 27</mn></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>20</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu23"><mi mathvariant="normal">°C</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>650</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_nm"><mi mathvariant="normal">nm</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>2 000</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu5"><mi mathvariant="normal">K</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>3</mn><mo>×</mo><msup><mrow><mn>10</mn></mrow><mrow><mrow><mo>−</mo><mn>10</mn></mrow></mrow></msup><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu4"><mi mathvariant="normal">A</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>1</mn><mo>×</mo><msup><mrow><mn>10</mn></mrow><mrow><mrow><mo>−</mo><mn>7</mn></mrow></mrow></msup><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu4"><mi mathvariant="normal">A</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>600</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_nm"><mi mathvariant="normal">nm</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>900</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_nm"><mi mathvariant="normal">nm</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><msup><mrow><mn>10</mn></mrow><mrow><mn>4</mn></mrow></msup></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>5</mn><mo>×</mo><msup><mrow><mn>10</mn></mrow><mrow><mrow><mo>−</mo><mn>5</mn></mrow></mrow></msup></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>400</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_nm"><mi mathvariant="normal">nm</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>800</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_nm"><mi mathvariant="normal">nm</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>962</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu23"><mi mathvariant="normal">°C</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>693</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu5"><mi mathvariant="normal">K</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>904</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu5"><mi mathvariant="normal">K</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>1 064.53</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu23"><mi mathvariant="normal">°C</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>1 063</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu23"><mi mathvariant="normal">°C</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>1 000</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu23"><mi mathvariant="normal">°C</mi></mrow></math>


<math xmlns="http://www.w3.org/1998/Math/MathML"><mn>3 000</mn><mo rspace="thickmathspace">⁢</mo><mrow xref="U_NISTu23"><mi mathvariant="normal">°C</mi></mrow></math>

